Steps for Solving the Transfer Equation for Arbitrary Flows in
  Stationary Spacetimes by Chen, B. et al.
ar
X
iv
:a
str
o-
ph
/0
60
32
51
v2
  2
1 
Fe
b 
20
07
Mon. Not. R. Astron. Soc. 000, 1–9 (2002) Printed July 19, 2018 (MN LATEX style file v2.2)
Steps for Solving the Radiative Transfer Equation for Arbitrary
Flows in Stationary Spacetimes
B. Chen1⋆, R. Kantowski1, E. Baron1,2, S. Knop1,3, P. H. Hauschildt3
1Homer L. Dodge Dept. of Physics and Astronomy, University of Oklahoma, 440 West Brooks, Rm. 100, Norman, OK 73019, USA
2Computational Research Division, Lawrence Berkeley National Laboratory, MS 50F-1650, 1 Cyclotron Rd, Berkeley, CA 94720-8139 USA
3Hamburger Sternwarte, Gojenbergsweg 112, 21029 Hamburg, Germany
July 19, 2018
ABSTRACT
We derive the radiative transfer equation for arbitrary stationary relativistic flows in stationary
spacetimes, i.e., for steady-state transfer problems. We show how the standard characteristics
method of solution developed by Mihalas and used throughout the radiative transfer com-
munity can be adapted to multi-dimensional applications with isotropic sources. Because the
characteristics always coincide with geodesics and can always be specified by constants, di-
rect integration of the characteristics derived from the transfer equation as commonly done
in 1-D applications is not required. The characteristics are known for a specified metric from
the geodesics. We give details in both flat and static spherically symmetric spacetimes. This
work has direct application in 3-dimensional simulations of supernovae, gamma-ray bursts,
and active galactic nuclei, as well as in modeling neutron star atmospheres.
Key words: radiative transfer — relativity.
1 INTRODUCTION
The solution of the equation of radiative transfer in relativistic
flows is of considerable astrophysical interest. Steady-state and dy-
namical solutions of the transfer equation are particularly impor-
tant for supernovae (SNe), gamma-ray bursts (GRB), and active
galactic nuclei (AGN). The general form of the general relativis-
tic transfer equation was derived by Lindquist (1966), who also
derived the equation needed for neutrino transport in spherically
symmetric flows such as the core-collapse of massive stars. This
work was further extended in Wilson (1971), Bruenn (1985), and
Baron et al. (1989). In the stellar community the fully-special rel-
ativistic transfer equation was derived and discussed by Mihalas
(1980). General relativistic versions of the transfer equation have
been derived and discussed by Morita & Kaneko (1984, 1986),
Schinder & Bludman (1989), Zane et al. (1996), as well by Castor
(2004). Mihalas (1980) proposed solving the transfer equation in
the “comoving” frame using the method of characteristics. In this
frame the momenta are measured by an observer moving with the
flow, and the spatial coordinates are those of an inertial observer.
In the steady-state spherically symmetric case the specific intensity
Iν is a function of only three variables, the inertial frame radius
r, and two comoving momentum coordinates, the energy ε = hν
and µ the cosine of the angle between the direction of the photon’s
momentum and the radial direction. Comoving frames are partic-
ularly useful because they simplify the form of the the collision
terms in the transport equation. Mihalas made further use of the
⋆ email:chen@nhn.ou.edu
spherical symmetry by treating the spatial and momentum angle
variation of Iν separately from the ∂Iν/∂ν term. Somewhat confus-
ingly he plotted “characteristic lines”, which have one variable in
real space and another in momentum space (see Fig. 1 of Mihalas
(1980)). These plots are curved lines and even though practitioners
know that they are working in a mixed frame, it is common parlance
to say “the characteristics are curved”. Here we re-emphasize that
photons move along geodesics (straight lines in flat spacetime) but
demonstrate that for isotropic sources only one momentum vari-
able (the energy) must be be comoving. We show that even in arbi-
trary 3-dimensional flows one can choose parameters (coordinates)
to label geodesics which do not change along phase-space char-
acteristics (except for the affine parameter, or “distance” along the
characteristic itself). In addition we show that the change in comov-
ing wavelength along the characteristic can be handled by stan-
dard finite difference techniques. This procedure should simplify
the development of fully 3-D radiation transfer codes both in flat
space (applicable to variable stars, supernova and GRB spectra)
and in curved spacetime (applicable to neutron star atmospheres
and AGN).
Schinder & Bludman (1989) recognized that the momentum
variables can be chosen as constants and the transfer equation sim-
plified in the spherically symmetric case in the absence of a fluid
flow. Although we developed our formulation independently, our
work is an extension of theirs to the general 3-D case incorporating
the effects of fluid flow. Their work used the method of variable
Eddington factors, whereas our method is a characteristic based
method and is specifically applicable to the case of arbitrary fluid
flow.
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In Sections 2 and 3 we introduce the Boltzmann and radia-
tive transfer equations and the relevant phase-space quantities. In
Sections 4 and 5 we look at characteristics in flat and spherically
symmetric spacetimes respectively. In Section 6 we discuss the log-
ical steps necessary to solve the steady state transfer equation for
stationary spacetimes and in Section 7 we give our concluding re-
marks.
2 THE BOLTZMANN EQUATION FOR PHOTONS
In this section we do not restrict spacetime, but we neglect polar-
ization effects. The Boltzmann Equation is an integro-differential
equation for the invariant photon distribution function F(x, p) on
the photon’s 7-dimensional phase-space (x, p). This can be thought
of as the photon“on-shell" subspace of a full 8 dimensional particle
phase-space. The number of photons ∆N found by observer u(x) in
a small 6-element ∆Vx∆P of phase-space at (x, p) is measured by
the 6-form δN, i.e.,∆N = δN(∆Vx,∆P) where
δN ≡ F(x, p) δV6, (1)
and where (see Lindquist 1966, for details)
δV6 ≡ −(u(x) · p) δVx δP. (2)
In the above, u(x) is an arbitrary observer’s unit 4-velocity at space-
time point x,
− (u(x) · p) = h/λ (3)
is the magnitude of the photon’s 3-momentum as seen by observer
u(x), δVx is the observer dependent 3-dimensional volume element
at x, and δP is the covariant volume element on the photons’ 3-
dimensional momentum space at (x, p). Here, h is Planck’s constant
and λ is the wavelength measured by observer u(x).
The collisionless Boltzmann equation simply states that
F[x(ξ), p(ξ)] remains invariant (constant) along the Lagrangian
flow of photons in phase-space generated by their geodesic motion
in spacetime. Constancy of F[x(ξ), p(ξ)] is a natural consequence
of Liouville’s theorem, i.e., δV6 is invariant under this flow, and the
constancy of ∆N due to the absence of non-gravitational interac-
tions of the photons. Any lack of constancy of ∆N in a finite vol-
ume ∆V6 is accounted for by a collision term (Oxenius (1986) not
withstanding). To exhibit covariance, the Boltzmann equation with
collisions, is often written as a differential equation
dF
dξ =
dxα
dξ
∂F
∂xα
+
dpα
dξ
∂F
∂pα
=
(
dF
dξ
)
coll
, (4)
with F(x, p) explicitly given as a function of 8 variables (all 4 com-
ponents of momentum are included but constrained by p · p = 0).
The collision term on the R.H.S. is a measure of the rate of change
of the number of photons ∆N in a ∆V6 transported along the would-
be paths of non-interacting photons in phase-space.
According to the geometrical optics approximation, photons
travel on null spacetime geodesics independently of their wave-
lengths. Affine parameters, ξ, unique to each wavelength, can be
chosen which generate the following orbits on phase-space:
dxα
dξ = p
α, (5)
dpα
dξ = −Γ
α
βγp
βpγ, (6)
which reduces (4) to
pα
∂F
∂xα
− Γαβγ pβpγ
∂F
∂pα
=
(
dF
dξ
)
coll
. (7)
The R.H.S. is typically separated into absorption and emission
terms(
dF
dξ
)
coll
= − f F + g, (8)
where f (x, p) and g(x, p) are identified respectively with the in-
variant absorptivity and emissivity (Morita & Kaneko 1986). These
quantities implicitly depend on macroscopic properties of the in-
teracting medium such as temperature, pressure, and density. The
geodesic equations (5) and (6) are equations for the characteris-
tic curves of the integro-differential PDE (7). These characteris-
tic curves (x(ξ), p(ξ)) are simply affinely parameterized spacetime
geodesics, lifted to the 7-dimensional photon phase-space, which
project back onto the null geodesics of spacetime x(ξ). It is impor-
tant to understand that changing phase-space coordinates or chang-
ing parameters for phase-space curves, doesn’t alter these curves at
all, only their description, e.g., when mixed coordinates are used as
in Mihalas (1980) straight line geodesics naturally appear curved.
Logically, solving the Boltzmann equation is a two step pro-
cess: first solve the geodesic equations (5) and (6) for the required
set of null geodesics and second solve the Boltzmann equation (4)
with appropriate boundary conditions. These two steps are com-
bined in what is commonly called the characteristics method where
(7) is solved by changing the momentum variables to a comoving
frame and the characteristic parameter to a nonphysical distance.
These phase-space coordinate changes necessarily involve the fluid
flow, and are unique only in highly symmetric cases. To tackle non-
symmetric flows/spacetimes, however, the two steps are best kept
separate. First solve the geodesic equations by using coordinates
that are constant along the geodesics (or by finding the geodesics
in any coordinate system and then transforming to constant coordi-
nates) and second proceed to solve equation (4) in the form of the
transfer equation as given in the next section.
3 THE RADIATION TRANSPORT EQUATION
The radiation transport equation is an integro-differential equation
for the specific intensity I(x, p) which is equivalent to the Boltz-
mann equation (4) or (7) for F(x, p). Both are functions on the pho-
ton’s 7-dimensional phase-space (x, p); however, I(x, p) depends
on a choice of an observer at each point of spacetime through 1
Iλ(x, p) = − c
2
h (u(x) · p)
5F(x, p). (9)
We have chosen to follow our group’s convention and use λ rather
than ν as often appears in the literature; however, it is straightfor-
ward to change between Iλ and Iν using λIλ = νIν. Once the ob-
servers are chosen, Iλ(x, p) like F(x, p), is a scalar. Defining a set
of observers is equivalent to giving a unit time-like vector field on
spacetime, u(x), which appears in Eq. (9). Just as in equation (3),
1 Iλ(x, p)dλdAdΩ is the rate observer u(x) detects energy crossing normal
to his area dA in the direction p, within his solid angle dΩ, and in his wave-
band dλ. Any locally-flat comoving reference frame at x associated with the
comoving observer u(x) can be used to evaluate dA and dΩ. These frames
are arbitrary up to a rotation at each point x, however, actually defining one
at every point x isn’t necessary.
c© 2002 RAS, MNRAS 000, 1–9
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−u(x) · p is equal to the the photon’s momentum as seen by ob-
server u(x). If u(x) describes the material fluid with which the pho-
tons interact, Iλ is called the comoving specific intensity and λ the
comoving wavelength.
The transport equation for Iλ(x, p) is obtained from equations
(4) and (8) by substituting Iλ(x, p) for F(x, p) using Eq. (9)
dIλ
dξ = −(χλ
h
λ
+
5
λ
dλ
dξ )Iλ + ηλ
h
λ
, (10)
where the observer dependent absorptivity χλ and emissivity ηλ are
related to f and g by
χλ = −
f
(u(x) · p) ,
ηλ =
(
c2
h
)
(u(x) · p)4 g. (11)
The other term (∝ dλ/dξ) on the right in Eq. (10) is present be-
cause the definition of Iλ, Eq. (9), explicitly depends on comov-
ing λ. If as is customary we divide the extinction into two parts:
“true absorption” κλ and “scattering” σλ, then χλ = κλ + σλ. For
a comoving observer we will also assume the emissivity is given
by thermal emission (true absorption opacity κλ times the Planck
function Bλ) and that scattering is elastic and isotropic. This as-
sumption is inherently required for our present formulation. It is
beyond the scope of this work to consider anisotropic or inelastic
scattering, but it is not entirely clear to us that the method cannot
be extended to the more general case. For a comoving observer, χλ
depends only on the magnitude of the momentum and not its di-
rection (given isotropic sources), and consequently is a function of
only x and u · p in an arbitrary coordinate system.
If the energy density in the radiation field is written as ǫλ =
4πJλ/c (where Jλ is the classic 0th Eddington moment (Mihalas
1978), and ǫλ is defined in Eq. (47)), the emissivity becomes
ηλ = κλBλ + σλJλ. (12)
When choosing coordinates (x, p) on phase-space for the purpose
of evaluating Iλ it is obvious that λ itself should be one of the
choices because it simplifies the evaluation of χλ. This is in fact
the raison d’etre for using λ as one of the momentum coordinates.
When attempting a numerical solution, any dependence of χλ on
direction requires the use of a large number of angles in the kine-
matically favored forward direction. Since as one moves around
the interaction region, the forward direction changes, numerically
resolving the variation of χλ with direction can make the computa-
tional requirements enormous.
The reader should note that the right hand side of Eq. (10)
differs slightly from the standard form of the non-relativistic static
radiation transfer equation because the affine parameter ξ is not a
physical distance. As we discuss below it coincides with a distance
(up to a constant) in some spaces, e.g., flat spacetime.
4 FLAT SPACE SIMPLIFICATIONS
When solving Eq. (10) for the comoving intensity Iλ(x, p) or Eq. (4)
for the Boltzmann distribution function F(x, p), the dimension of
phase-space can effectively be reduced if there are common sym-
metries in spacetime, the interacting medium, and the boundary
conditions. This is because the transport equation has to be solved
on only one of each equivalent set of characteristics on the full
phase-space. For example if the spacetime, u(x), and the bound-
ary conditions are stationary (i.e., have a timelike symmetry), a
time dimension can be factored out and the required part of phase-
space reduces to 6 dimensions (3 space and 3 momentum). If the
spacetime, the flow, and the boundary conditions are stationary
and spherically symmetric, phase-space reduces to 3 dimensions
(1 space and 2 momentum).
4.1 Arbitrary Stationary Flows
For flat space with a stationary flow and static boundary condi-
tions, 6 dimensions are required (3 space and 3 momentum). For
space coordinates we choose the 3 Euclidean values r of the flat
spacetime inertial system in which the flow is stationary
u(x) = u(r) = γ(r)(1,β(r)). (13)
For a boundary we choose a sphere of fixed radius R surround-
ing the origin. We assume the emission and absorption coefficients
vanish on and beyond r = R. On r = R we assume Iλ(x, p) = 0 for
photons with incoming directions, i.e., with n · r < 0 [see Eq. (14)
below], and what we look for by integrating the transfer equation
is the outgoing intensity on r = R, i.e., we seek Iλ(x, p) for pho-
tons with n · r > 0. To make Eq. (10) as easy to solve as possible,
we choose two of the three momentum variables from the direction
cosines of the photon’s direction in the inertial system
dx
dξ =
(
dt
dξ ,
dr
dξ
)
=
h
λ∞
(1, n) = h
λ∞
(1, nx, ny, nz), (14)
e.g., we choose (nx, ny). The subscript “∞” refers to wavelength as
seen by inertial observers. If we were to use λ∞ as a 3rd coordinate,
all momentum coordinates would be constant, see Eq. (14), and the
characteristic equations (5) and (6) would be trivial. However, to
accommodate the procedure used to solve Eq. (10) we must use the
comoving wavelength λ as the third momentum coordinate:
λ = − h(u(x) · p) =
λ∞
γ(r)(1 − n·β(r)) . (15)
The comoving specific intensity Iλ(x, p) = Iλ(r,n) then de-
pends on the spatial position r, two direction angles in n, and the
comoving wavelength λ; however, the comoving absorption χλ and
emission ηλ coefficients are independent of the direction angles.
The obvious reason for choosing the first 5 of these 6 phase-space
variables is that their dependence on the affine parameter ξ along
any characteristic is easy to determine. The Euclidean position r(ξ)
is linear in ξ and given by
r(ξ) = b + s n, (16)
where
s ≡
(
h
λ∞
ξ
)
. (17)
The Euclidean distance s is measured in the fixed inertial frame
and b the impact vector defined by b · n = 0 (see Fig. 1). If λ∞ is
written as a combination of λ and r using Eq. (15), the combination
in parenthesis in Eq. (16) still remains constant and the position co-
ordinate part of a characteristic curve is still a straight line. The
photon’s direction n remains constant and although λ(ξ) is a com-
plicated function of ξ, it is given explicitly by substituting Eq. (16)
into Eq. (15).
To logically connect Iλ with distant observations we can
(somewhat arbitrarily) smoothly distort the comoving fluid u(x) to
coincide with the rest observers at some point beyond r = R (see
Fig. 1). Because χλ and ηλ vanish in this domain, the fluid’s effect
on observations is sterile and λ conveniently coincides with λ∞.
c© 2002 RAS, MNRAS 000, 1–9
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Figure 1. On the left a single flat-space geodesic, Eq. (16), described by the impact vector b and tangent n, enters and exits the boundary of the interaction
region r = R. On the right, the related characteristic curves in phase-space corresponding to a discrete set of wavelengths are also shown. If λ∞ is used as the
momentum coordinate the characteristics of Eq. (18) are all straight lines; however, if the comoving λ is used the characteristics deviate from being straight
but return to their λ∞ values beyond the boundary where the comoving fluid coincides with the rest observers. The characteristics of the differenced equation
(43) are defined only when λm is constant.
In most applications, the transfer from comoving to stationary ob-
servers is done abruptly at the boundary and is implemented by a
Lorentz boost. The reason for using the comoving wavelength as
the 6th coordinate will become clearer when we alter the transport
equation in such a way as to have characteristic curves which keep
λ constant. Rewriting Eq. (10) by explicitly separating out the λ
dependence we obtain
∂Iλ
∂ξ
∣∣∣∣∣∣∣∣
λ
+
(
dλ
dξ
)
∂Iλ
∂λ
= −
(
χλ
h
λ
+
5
λ
dλ
dξ
)
Iλ + ηλ
h
λ
. (18)
If Euclidean coordinates on flat space are used as in Eq. (16) the
first term in Eq. (18) is related to the r dependence of Iλ by
∂Iλ
∂ξ
∣∣∣∣∣∣∣∣
λ
=
dr
dξ · ∇Iλ. (19)
The dλ/dξ part of the tangent to the characteristic is computed from
Eq. (15). If we would have chosen any 5 variables on phase-space,
in addition to the comoving wavelength λ, the transport equation
would have been exactly of the form Eq. (18). As long as the new
coordinates for phase-space are given as functions of the origi-
nal six, the characteristics in the new coordinates are found by
direct substitution. The transfer equation in the form of Eq. (18)
says that Iλ changes along a geodesic as usual because of emission-
absorption and its explicit dependence on λ due to its definition
Eq. (9); however, it also changes, when written as a function of λ,
because of its implicit dependence on a comoving wavelength that
changes (˙λ , 0) along the geodesic. Another way to say the same
thing is that when geodesics on spacetime, are lifted to phase-space
they are not constrained to λ = constant hypersurfaces (see Fig. 1)
and hence if λ is used as one of the coordinates, Iλ changes because
λ changes.
4.2 Radial Stationary Flows
In this section we try to clarify how our approach differs from the
classic approach of Mihalas. To make contact with what is com-
monly done in the stationary spherically symmetric case where the
flow is radial β = β(r)rˆ and hence where phase-space reduces to 2
independent dimensions beyond λ, we introduce 1 inertial coordi-
nate r and 1 comoving momentum coordinate µ. The wavelength
and the radial coordinate can be evaluated from Eqs. (15), (16), and
(17)
r(ξ) =
√
b2 + s2,
λ(ξ) = λ∞
√
1 − β2(r)
1 − β(r)s/r . (20)
The coordinate µ is the cosine of the angle between the radial di-
rection and the direction of the photon in a frame instantaneously
moving with the radial flow at r and is found by a radial Lorentz
boost,
µ(ξ) = n · rˆ − β(r)
1 − β(r)n · rˆ =
s/r − β(r)
1 − β(r)s/r . (21)
Equations (20) and (21) are the integrated characteristic equation
for the resulting transport equation for Iλ(r, µ),(
dr
dξ
∂Iλ
∂r
+
dµ
dξ
∂Iλ
∂µ
)
+
dλ
dξ
∂Iλ
∂λ
= −
(
χλ
h
λ
+
5
λ
dλ
dξ
)
Iλ + ηλ
h
λ
, (22)
which is equivalent to equation (3.1) of Mihalas (1980) for Iν. Mi-
halas’ parameter sM is related to the standard affine parameter ξ by
dsM = −(u · p)dξ = (h/λ)dξ = (λ∞/λ)ds, and equals the differential
spatial distance traveled by the photon as measured in the instanta-
neous local rest frame of the comoving observer (and shouldn’t be
confused with distance in any global frame). The “comoving" dis-
tance parameter sM is the same for all photons with identical paths
r(ξ) and depends on the fluid velocity u(x) they intercept, but not
on their individual wavelengths. When sM is used Eq. (22) becomes(
dr
dsM
∂Iλ
∂r
+
dµ
dsM
∂Iλ
∂µ
)
+ a(sM , λ)∂Iλ
∂λ
= −
(
χλ +
5
h
dλ
dξ
)
Iλ + ηλ, (23)
where a(sM , λ) is defined as
a(sM , λ) ≡ λh
dλ
dξ , (24)
and is related to Mihalas’s aM(sM , ν) by
c© 2002 RAS, MNRAS 000, 1–9
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a(sM , λ) = λ
2
h aM (sM , ν) (25)
By using Eqs. (17), (20), and (21), a(sM , λ) is easily evaluated,
a(sM , λ) = γ
[
(1 − µ2)β
r
+ γ2µ(µ + β) dβdr
]
λ, (26)
as are the characteristic equations,
dr
dsM
= γ(µ + β), (27)
dµ
dsM
= γ(1 − µ2)
[
1 + µβ
r
− γ2(µ + β) dβdr
]
. (28)
These are to be compared with Eqs. (3.4a), (3.4b) and (3.9) of
Mihalas (1980). We have arrived at the original transport equation
obtained by Mihalas (1980), characteristics and all, but do not pro-
pose solving Eq. (23) However, if we were to now follow Miha-
las, we would solve the single equation, dsM = (h/λ)dξ, and ob-
tain the integrated characteristics from (16) and (17). By first find-
ing the geodesics and secondly deciding on what variables to use
on phase-space, we obtain the characteristics by substitution. For
phase-space coordinates used in Eq. (23), the characteristic curves
had three non-vanishing tangent vectors Eqs. (26), (27), and (28).
The procedure we use is to choose as many coordinates on phase-
space as possible that remain constant along geodesics (lifted to
phase-space). For radial flows one constant coordinate is chosen
from b and n e.g., b, and the other two are ξ itself and λ. The
transport equation is of the form (18) with characteristics having
only two non-vanishing tangents, i.e., only two coordinates change
along any characteristic, ξ(ξ) = ξ and λ(ξ) [see Eq. (20)]. Only one
coordinate would change if we chose λ∞ rather than λ. However,
the differencing procedure described in §6 requires the comoving
energy (i.e., λ for us) to be used as one of the phase-space coordi-
nates.
It is clear from the above discussion that if an affine parameter
such as ξ is used, the characteristic curves are completely deter-
mined and don’t have to be constructed as integral curves of their
tangents. If a non-affine parameter is used (e.g., sM) all that must
be done is to relate it to ξ (e.g., by inverting sM = −
∫
(u(x) · p)dξ)
along the geodesic and substitute. For a numerical example of
see Baron & Hauschildt (2004). The affine parameter ξ is changed
to optical depth τλ by a similar substitution. A single reference
wavelength such as λstd = 5000 Å is usually chosen, making
dτstd = ±χλstd dsM .2 This choice greatly facilitates the generation
of the spatial numerical grid.
5 STATIC SPHERICALLY SYMMETRICAL
SPACETIMES WITH STATIONARY FLOWS
The relevant spacetime is
ds2 = −e2Φ(r)c2dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θdφ2) , (29)
which we assume is asymptotically flat i.e.,Λ(∞) = Φ(∞) = 0. We
assume boundary conditions similar to the flat case, i.e., beyond
r = R the fluid becomes transparent (ηλ = χλ = 0) and that I(x, p)
vanishes for incoming photons. With a stationary, but otherwise ar-
bitrary fluid flow, the effective dimension of phase-space reduces
to 6 (3 space and 3 momentum). For this case we also distort u(x)
2 In classical plane-parallel and spherically symmetric radiative transfer τ
is measured from the outside inward and the minus sign is appropriate.
to coincide with static observers, i.e., (r, θ, φ)=constants, at some
finite r value beyond r = R.
The metric (29) has 4 Killing vectors, 1 time translation and
3 rotations, which aid in finding photon orbits. In Fig. 2 we show
the 1-parameter family of orbits confined to the θ = π/2 plane and
oriented symmetrically about φ = 0. They are labeled by the single
impact parameter b and the wavelength λ∞ seen by a rest observer
at r = ∞. The 3 non-vanishing momentum components are
cpt =
dct
dξ =
h
λ∞
e−2Φ(r), (30)
pφ =
dφπ/2
dξ =
h
λ∞
b e−Φ(b)
r2
, (31)
pr =
dr
dξ (32)
= ± h
λ∞
e−Φ(b)−Λ(r)
r
√
r2e−2[Φ(r)−Φ(b)] − b2,
from which the spacetime orbits are
ct(r) = ±
∫ r
b
reΛ(r)+Φ(b)−2Φ(r) dr√
r2e−2[Φ(r)−Φ(b)] − b2
, (33)
φπ/2(r) = ±
∫ r
b
b eΛ(r) dr
r
√
r2e−2[Φ(r)−Φ(b)] − b2
. (34)
All other photon orbits are obtained from these by rotations. Ac-
cording to Euler, any active rotation may be described using three
rotations Rz(φp+π/2)Rx(θp)Rz(ψb). For our purposes, (φp, θp) spec-
ifies the direction of the normal to the photon’s orbital plane nplane,
and ψb specifies the direction of the impact vector b within the orbit
plane (see Fig. 2). These directions are space-like with no t com-
ponents and are constrained by nplane · b = 0. Because the rotated
orbit is orthogonal to nplane
cos[φ(r) − φp] = − cot θp cot θ(r). (35)
The actual orbit in parametric form (r, θ(r), φ(r)) is given by
cos θ(r) = sin θp sin[φπ/2(r) + ψb], (36)
tan φ(r) = cos θp tan[φπ/2(r) + ψb] − cotφp
1 + cos θp cot φp tan[φπ/2(r) + ψb] , (37)
where φπ/2(r) is given by Eq. (34). Equation (35) can be used in
place of Eq. (37) if desired. For an arbitrary stationary flow, the
only net symmetry is a time translation. The specific intensity de-
pends on six variables e.g., Iλ = Iλ(r, p). Instead of using the spher-
ical polar angles and spherical polar momentum coordinates, we
use the radius r, the comoving wavelength λ, and four constants. It
is convenient to choose the 4 constants from the set of 5 given by
the impact vector b and the orbit plane normal nplane, e.g., the im-
pact parameter b and the 3 angles (φp, θp, ψb) described above. We
now have Iλ = Iλ(r,nplane,b), where the λ dependence is implied.
We could have eliminated λ in favor of the constant λ∞, however,
as with the flat-space case, resolution of the atomic lines and accu-
rately calculating the angular integral [see Eq. (47)] dictates that we
use the comoving wavelength. The transfer equation is still equa-
tion (18), but now
∂Iλ
∂ξ
∣∣∣∣∣∣∣∣
λ
=
dr
dξ
∂Iλ
∂r
, (38)
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Figure 2. On the left three null geodesics, which lie in the θ = π/2 plane and are symmetric about φ = 0, are shown. On the right the active Euler rotations are
shown that rotate the θ = π/2 plane and its geodesics into the plane whose normal is nplane. The impact vector b ıˆ is rotated into the b direction.
and the single coordinate part of the characteristic to solve is
Eq. (33). The λ(ξ) part is found by substituting into
h
λ
= −u · p = h
λ∞
γe−Φ(b)
eΦ(b)−Φ(r) ∓
√
r2e−2[Φ(r)−Φ(b)] − b2
r
βR
+
b
r
sin θp sin[φ(r) − φp] βΘ − b
r
cos θp
sin θ(r)β
Φ
, (39)
where the unit comoving 4-velocity u(x) has been written in terms
of an orthonormal tetrad adapted to the static spherical polar coor-
dinates of Eq. (29),
u(x) = γ
[(
e−Φ(r)
c
∂
∂t
)
+
βR
(
e−Λ(r)
∂
∂r
)
+ βΘ
(
1
r
∂
∂θ
)
+ βΦ
(
1
r sin θ
∂
∂φ
)]
. (40)
We assume that u(x), and hence the βi(r, θ, φ) are given by prior
hydrodynamical calculations. Again as was illustrated Fig. 1, if λ
is being used as a coordinate, it varies along a characteristic.
Because of the paucity of hydro calculations in GR one can
use β’s that come from Newtonian gravity calculations as a rea-
sonable approximation as long as the gravity remains weak. The
βi used in Eq. (40) should be Newtonian components relative to a
static spherical polar coordinate system. The GR metric associated
with the Newtonian calculation is given by
e2Λ = 1/
(
1 − 2Gm(r)
c2r
− Λ03 r
2
)
Φ(r) =
∫ r
0
e2Λ
(
4πGPr
c4
+
GM(r)
c2r3
− Λ03
)
dr, (41)
here Λ0 is the cosmological constant, M(r) is approximated as the
Newtonian mass contained in radius r, and Pr(r) is the radial com-
ponent of the pressure as seen by a static observer in the Newtonian
hydro calculation. For a numerical application of this section to the
static Schwarzschild case see Knop et al. (2007).
6 LOGICAL STEPS FOR NUMERICAL INTEGRATION
The solution of the spherically symmetric transfer equation for ra-
dially moving flows has been discussed in detail by Hauschildt and
Baron (Hauschildt 1992; Hauschildt & Baron 1999, 2004b,a). In
particular Hauschildt & Baron (2004a) showed how to stably dif-
ference the ∂Iλ/∂λ term. This method will also work in the more
general case discussed here. We briefly describe the approach in
simple terms, for more details see Hauschildt & Baron (2004a).
One first selects a fixed set of comoving wavelengths, λm at which
to evaluate the specific intensity Im, and treats ∂Iλ/∂λ as a differ-
ence, e.g.,
∂Iλ
∂λ
=
Im − Im−1
λm − λm−1
. (42)
This turns the PDE, Eq. (18), into a discrete set of coupled
ODEs with a single differential variable ξ for the set of Im. The
choice of the set {λm} is dictated by the variation of χλ with λ. Re-
arranging, Eq. (18) becomes
dIm
dξ +
[
˙λm
λm − λm−1
+
5˙λm
λm
+ χm
h
λm
]
Im
= ηm
h
λm
+
˙λm
λm − λm−1
Im−1, (43)
(see Mihalas 1980) where ˙λm is determined by differentiating equa-
tions (15) or (39) with respect to the affine parameter ξ. Even
though phase-space is still 6-dimensional we are now attempting
to find Iλ only on a discrete set of lines corresponding to constant
comoving wavelengths λm. For both flat and static spherically sym-
metric spacetimes, the remaining continuous variables are 3 posi-
tion and 2 momentum coordinates. To simplify solving Eq. (43),
coordinates should be adapted to the particular spacetime symme-
try and even then there is significant flexibility. For flat space we
chose r and 2 of the n components making Eq. (16) the characteris-
tics. In Fig. 1 a spacetime geodesic of Eq. (16) is shown as it enters
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and exits the boundary r = R. The related characteristic curves in
phase-space corresponding to a discrete set of wavelengths are also
shown. If λ∞ is used as the 3rd momentum coordinate, the character-
istics of Eq. (18) are all straight lines; however, if the comoving λ is
used the characteristics deviate from being straight but return some-
where outside the boundaries where the comoving fluid coincides
with the rest observers. The λ part of the characteristics of the dif-
ferenced transfer equation (43) has also changed, i.e., comoving λm
now remains constant. The differencing term in Eq. (42) is an ap-
proximation which attempts to account for the change from λ∞ =
constant curves to λ = constant curves along which Iλ is propa-
gated. In practice the differencing procedure used is more compli-
cated (Hauschildt & Baron 2004a). When Eq. (18) is solved for Iλ
at an exiting wavelength, e.g., λm, its value depends on Iλ values
along its prior path for a continuous spectrum of neighboring λ val-
ues. However, when Eq. (43) is solved for Im at an exiting point,
its value depends on Im′ values for only a discrete set of neighbor-
ing wavelength λm′ . The discrete coupling appears in the RHS of
Eq. (43) in ηm and explicitly as Im−1.
The phase-space picture for the static spherically symmetrical
spacetime is quite similar. We chose r and 4 constants from nplane
and b (see Fig. 2) and the only non-constant component of the char-
acteristic curves of Eq. (43) is given by Eq. (33).
Often the source term is the more complicated part of the
transfer equation. It contains various moments of the distribution
function depending on the assumed physics of the photon-matter
interactions. A detailed discussion of the moment formalism for
steady state transfer can be found in Thorne (1981). To balance
the interaction between the radiation field and the material, i.e., to
obtain energy-momentum conservation of the radiation and mat-
ter, one must adjust the material’s parameters such as temperature.
The opacity and Planck function depend on the temperature of the
material and thus this temperature has to be consistent with the
rate energy is being deposited by the photon gas (which is not in
thermal equilibrium with the matter). One obtains this consistency
through use of the energy-momentum tensor of the photon gas. Per
unit comoving wavelength it is defined as the comoving solid angle
integral
T αβ
λ
(x) ≡ c
∫ dP
dλ p
αpβF(x, p)
=
1
c
∫
Iλ(x, p)(nαu + uα)(nβu + uβ)dΩ, (44)
where we have decomposed the photon 4-momentum into two
parts, one along the observer’s 4-velocity u, and another perpen-
dicular to it, u · nu = 0, by defining
p = −(p · u)(nu + u). (45)
Equation (44) can be decomposed into energy, momentum, and
pressure densities per unit wavelength as seen by u(x),
T αβ
λ
(x) = ǫλ(x)uα(x)uβ(x) +
1
c
f αλ (x)uβ(x) +
1
c
f β
λ
(x)uα(x) + pαβ
λ
(x), (46)
by defining
ǫλ(x) ≡ 1
c
∫
Iλ(x, p)dΩ, (47)
f αλ (x) ≡
∫
Iλ(x, p)nαu dΩ, (48)
pαβ
λ
(x) ≡ 1
c
∫
Iλ(x, p)nαu nβudΩ, (49)
where f α
λ
uα = 0, pαβλ uβ = 0 and gαβp
αβ
λ
= ǫλ = 4πJλ/c, see Eq. (12).
The rate per unit comoving wavelength per unit volume that 4-
momentum (energy/c and momentum) is being transferred to the
photons is
T αβ
λ ; β = κλ
[
−ǫλ +
4π
c
Bλ
]
uα − 1
c
χλ f αλ
=
4π
c
κλ [Bλ − Jλ] uα −
1
c
χλ f αλ . (50)
The familiar statement of radiative equilibrium (total absorptions
equals total emissions in steady-state) for a comoving observer is
the vanishing of the integral of uαT αβλ ; β over all wavelengths. Fol-
lowing Lindquist (1966) it is convenient to define the particle (pho-
ton) flux 4-vector
Nαλ =
∫ dP
dλ p
αF(x, p),
=
λ
c2h
∫
dΩ Iλ(x, p)(nαu + uα),
=
λ
ch
[
ǫλ(x)uα(x) + 1
c
f αλ (x)
]
, (51)
in terms of which the rate per unit comoving wavelength that the
photon number density is changing due to absorption and emission
by sources can be computed as
c Nαλ ; α =
4π
c
κλ
λ
h [Bλ − Jλ] . (52)
By inserting Eq. (51) into the left hand side of Eq. (52) we obtain
the identity[
(ǫλ(x)uα(x)); α + 1
c
f αλ (x); α
]
=
4π
c
κλ [Bλ − Jλ] . (53)
Integrating Eq. (53) over λ, together with radiative equilibrium
from Eq. (50), leads to the familiar result that the divergence of
the flux is zero for a static fluid (i.e., for a fluid where u(x) ∝ the
timelike Killing field). Equations (50) and (53) are used to enforce
the condition of radiative equilibrium (energy conservation, for ex-
ample see Hauschildt & Baron 1999). At depth, it is necessary to
use the vanishing of the LHS of Eq. (53) when integrated over λ,
rather than the RHS, because at high optical depth Jλ is very close
to Bλ and both are very large. Numerically, it is difficult to obtain
an accurate result from the subtraction of two large numbers.
The above expressions for the decomposition of T αβ
λ
and Nα
λ
are valid in any coordinate system and only require knowledge of
u(x) in that coordinate system. Choosing a comoving frame for an
comoving observer in a non-symmetric spacetime essentially intro-
duces an arbitrary rotation at every point in space. Fortunately it is
not necessary to pick such a frame. When evaluating the comoving
solid angle integrals in Equations (47)–(49) using stationary coor-
dinates one eliminates the comoving element dΩ in favor of the
stationary solid angle dΩ0 using
dΩ =
(
u0 · p
u · p
)2
dΩ0. (54)
Here u0 is a unit vector pointing in the stationary frame’s t direction.
For the flat space case u0 · p = −h/λ∞, u · p is given by Eq. (15), and
dΩ = 1 − β
2
(1 − β · n)2 dΩ0. (55)
For the spherically symmetric gravity field
u0 · p = −
h
λ∞
e−Φ(r), (56)
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and u · p is given by Eq. (39). To evaluate dΩ we might have been
tempted to introduce two comoving momentum variables µ, the
cosine of the comoving polar angle, and ω, the comoving azimuthal
angle, as customary. However, because of the arbitrariness of the
flow evaluating these variables along a characteristic would have
added two more complicated characteristics to solve and done little
to aid integrating Eq. (43).
Solving the transfer equation for an arbitrary stationary space-
time is similar to the above flat space and spherically symmetric
examples. A stationary spacetime is one that has a timelike Killing
vector. If the Killing vector is irrotational or equivalently hyper-
surface orthogonal, the spacetime is called static as both examples
were. Stationary coordinates (t, xi) can always be adopted to the
Killing vector, e.g., K = ∂/∂t, which make the metric components
independent of t. If the space is static, all dt⊗dxi cross terms of the
metric can additionally be made to vanish by appropriately choos-
ing a new t coordinate, t → t + f (xi). When stationary coordinates
are used, a fixed spatial boundary can be drawn around the source,
beyond which photons no longer interact with the comoving fluid.
The boundary is 2-dimensional and can be somewhat more compli-
cated than the r = R of the two examples. Incoming photons can
be labeled uniquely by 5 constants, 2 from the position they strike
the boundary, 2 from the impact orientation with which they strike,
and 1 from their wavelengths at∞ (assuming the space is asymptot-
ically flat). The exact position of any photon within the interaction
region is then given by these 5 constants and the affine parameter ξ
via the geodesic equations for the given geometry, and the comov-
ing wavelength is given via Eq. (3). Finding coordinates which are
constants is also the essence of Hamilton-Jacobi theory of classical
particle mechanics. A family of canonical transformation is sought
on phase-space which takes the particles in phase-space from their
initial positions to their positions at time t. The particles keep their
initial values and only time changes. Solving Eq. (43) for the gen-
eral case then proceeds exactly as in the examples. In the two ex-
amples we used the existing symmetry of the spacetime to choose
constants to label the photons rather than the boundary impact co-
ordinates and angles. Impact constants could have been used; they
can be computed from the symmetry constants we actually used,
i.e., from b and n. However, it is easier to stick with symmetry con-
stants when they exist.
7 DISCUSSION
Our formulation of the radiative transfer equation in terms of co-
moving wavelengths and stationary coordinates, and the recogni-
tion that the momentum directions can be pre-chosen by constants
is the fundamental result of this paper. Schinder & Bludman (1989)
recognized this for the case of purely static (no flow) transfer in
spherical symmetry. Since the directions of the geodesics may be
chosen for example at the boundary, the solution of the full 3-D ra-
diative transfer problem in the presence of arbitrary hydrodynamic
flows is very similar to the purely static case (no flow) described for
example by Hauschildt & Baron (2006). In that method space is di-
vided up into a 3-D rectangular grid and long characteristics are fol-
lowed from the outer boundary through the computational domain.
The directions that the characteristics followed were simply chosen
by dividing up the angular space at the boundary into equal parts.
Since we have shown that the momentum directions may be chosen
by constants in both the flat-space and curved-space, the procedure
of Hauschildt & Baron (2006) can be used with only the modifica-
tion that Eqs. (15) and (54) have to be evaluated once at each grid
point. Naturally, detailed numerical tests have to be performed to
ensure that the material properties such as density and composition
are well resolved, and that there are enough “angles” to resolve the
momentum-space variation of Iλ. This differs from more classical
methods in which the equations of the characteristics are solved in
phase-space, with all momentum coordinates co-moving.
If horizons are present in the spacetime, modification of the
procedure outlined in this section may be necessary. However, for
most astrophysical systems the emission of the radiation and the
radiative transfer occur in the accretion disk (or in winds and jets)
i.e., outside of any spacetime horizon. The obvious case where one
would like to calculate both photon and neutrino transport in the
presence of horizons, would be the formation of a collapsar, see
for example MacFadyen & Woosley (1999); however, this would
involve general relativistic MHD with radiative transfer, a feat that
is far beyond current computational capabilities.
Extending 1-D transfer calculations (e.g., spherical symmetry
with radial flows) to 3-D applications with arbitrary flows is cur-
rently of wide interest because of the desire to include the effects of
rotation and Rayleigh-Taylor instabilities into stellar wind models,
supernovae, and gamma-ray bursts; as well as the rapid improve-
ment in computing capabilities which makes the extension possi-
ble. Some confusion exists in which 1-D structures can be extended
to 3-D and which cannot. We have pointed out that the wavelength
λ (or equivalently frequency) seen by a comoving observer u(x) is
one that not only can be used, it is perhaps essential. Whereas a
comoving frame is useful in the 1-D case, it should not be used
in 3-D. Not that a comoving frame can’t be defined for a comov-
ing observer, it’s just that there are too many possibilities and no
natural way to make a unique choice between them. Consequently,
as many as three additional functions of position (e.g., three angles
at each point of spacetime) will be unnecessarily introduced into
the transfer equation by introducing a comoving frame. The proce-
dure we advocate for solving non-symmetric transfer problems is
(1) start with the given spacetime geodesics, (2) change to appro-
priate coordinates on phase-space, and (3) solve the transfer using
Eq. (34).
We have concentrated on stationary flows in stationary space-
times (steady-state) applications, emphasizing the fact that, in
spite of how coordinates might be chosen, characteristics are re-
ally geodesics extended to phase-space as described by Lindquist
(1966) and Ehlers (1971). We have also shown that by choosing an
appropriate set of parameters (coordinates) to label the geodesics,
characteristics can essentially become straight lines. When one of
the coordinates is chosen as comoving wavelength λ, only that par-
ticular coordinate changes non-linearly. This slight complication is
rewarded by a resulting simplification in the absorption and emis-
sion terms on the “collision" side of the transfer equation. Addi-
tionally the use of λ allows one to convert the transfer equation
from an integro-PDE to a system of integro-ODE’s by a differenc-
ing procedure which restricts comoving wavelengths to a discrete
set {λm}. These wavelengths remain constant along the characteris-
tics of the now differenced transfer equation and greatly simplifies
constructing the formal solution using long or short characteristic
methods.
Other authors have recognized the current need for adapting
1-D methods of solution to 3-D problems in radiative transport.
Cardall et al. (2005) derive the relativistic equation of transfer in
flat spacetime, with similar goals to this paper; however, their ap-
proach is somewhat geared to the discrete ordinates matrix expo-
nential method of numerical solution, or to generalized variable
Eddington factor (moment) methods.
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Broderick (2005) also recognized the advantage of using con-
stant momentum variables, which he attempts to define through
the use of Fermi-Walker transported tetrads. Even though his use
of these tetrads isn’t clear, parallel transport itself results in con-
stant momentum components. If the spacetime is curved, parallel
transporting along every geodesic results at an infinite number of
tetrads at every point. And, if scattering exists, the relation between
these tetrads must be ascertained before the emissivity integral [see
Eqs. (12) and (47)] can be evaluated.
In conclusion, we have presented a workable outline of solv-
ing the radiative transport equation for many 3-D steady-state prob-
lems.
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